ABSTRACT. The aim of the paper is to investigate the relationship between BCC -algebras and residuated partially-ordered groupoids. We prove that an integral residuated partially-ordered groupoid is an integral residuated pomonoid if and only if it is a double BCC -algebra. Moreover, we introduce the notion of weakly integral residuated pomonoid, and give a characterization by the notion of pseudo-BCI algebra. Finally, we give a method to construct a weakly integral residuated pomonoid (pseudo-BCI algebra) from any bounded pseudo-BCK algebra with pseudo product and any group.
Introduction and preliminaries
In 1966, Iséki introduced the concept of BCK/BCI -algebras as an algebraic characterization of BCK/BCI-logic (see [9, 16, 22] ). For solving some problems on BCK -algebras, Komori defined the class of BCC -algebras in 1984 (see [18] ). In view of strongly connections with a BIK + -logic, BCC -algebra also is called BIK + -algebra (see [19, 26] ). Now, such algebras are studied by many authors in many directions (see for example [4, 7, 8, 10, 15, 20, 23, [25] [26] [27] ).
Residuation is a fundamental concept of ordered structures and categories. As a common algebraic abstract of fuzzy logics (commutative and non-commutative), residuated lattices play an important role in t-norm based fuzzy logic systems (see [12] [13] [14] 27, 28] ), and applied to rough set theory (see [30] ). Recently, 2010 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 03G10, 06F05; Secondary 03G25, 06F35. K e y w o r d s: BCC -algebra, residuated lattice, residuated lattice ordered groupoid, weakly integral residuated lattice, pseudo-BCI algebra. 
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non-associative fuzzy logics have been a field of intensive research, so residuated lattice ordered groupoids become a research focus (see [2] [3] [4] [5] 29] ).
In this paper, we combine above two research directions to discuss the relationship between BCC -algebras and residuated partially-ordered groupoids. First, we recall some basic concepts and properties.
Ò Ø ÓÒ 1.1º ([7,18,19,26] ) A BCC-algebra (or BIK + -algebra) is an algebra (A, →, 1) of type (2, 0) in which the following axioms are satisfied:
BCC -algebras are studied also in the dual form (see [7, 8] ). In a BCC -algebra, we can define a partial order ≤ by putting x ≤ y if and only if x → y=1.
Any (reversed left-) BCK -algebra (see [9, 15, 16, 22, 27] ) is a BCC -algebra, but there are BCC -algebras which are not (reversed left-) BCK -algebras. The smallest BCC -algebra which is not a BCK -algebra has four elements. A BCC -algebra is a BCK -algebra if and only if it satisfies the identity
Ò Ø ÓÒ 1.2º ( [11, 17] ) A structure G = (G, ⊗, ≤) is a partially ordered groupoid or pogroupoid if ⊗ is a binary operation on a poset (G, ≤) that is compatible with the order (or, is monotone), i.e.,
Ò Ø ÓÒ 1.3º ([11, 17, 24] ) A residuated partially-ordered groupoid or residuated pogroupoid is a structure G = (G, ⊗, →, , ≤) such that (G, ≤) is a poset and the law of residuation (res) holds, where (res) means that 
The following identities hold in every residuated pomonoid:
On associativity in residuated partially-ordered groupoids
Ì ÓÖ Ñ 2.1º Let G = (G, ⊗, →, , ≤) be a residuated partially-ordered groupoid. Then the following conditions are equivalent in G:
It follows from the law of residuation that
On the other hand, from
It follows from the law of residuation that (
oid. Then the following conditions are equivalent in G:
P r o o f. It is similar to Theorem 2.1.
Ò Ø ÓÒ 2.1º A residuated partially-ordered groupoid is called integral if it
has a greatest element and that element is the multiplicative unit 1, i.e., x ≤ 1, x⊗1 = 1⊗x = x, for all x. If the multiplicative of a residuated partially-ordered groupoid G = (G, ⊗, →, , ≤, 1) satisfies the law of associative, then it is called integral residuated partially-ordered monoid (or, integral residuated pomonoid). 
This means that G = (G, ⊗, →, , ≤, 1) is a integral residuated pomonoid.
Remark 1º
The main result in [4] can be regard as a special case of above Theorem 2.3, because basic algebras and MV-algebras are residuated pomonoid. In particular, A residuated partially-ordered groupoid (residuated pomonoid) is called integral if it has a greatest element 1, i.e., x ≤ 1 for all x.
The connections between weakly integral residuated partially-ordered groupoid and residuated pomonoid can be illustrated by the Figure 1. 
Weakly integral residuated pomonoids and pseudo-BCI algebras
The notion of pseudo-BCK algebra was introduced by G. Georgescu and A. Iorgulescu [10] as a non-commutative extension of BCK -algebras. As a generalization of pseudo-BCK -algebras and BCI -algebras, W. A. Dudek and Y. B. Jun [6] introduced the notion of pseudo-BCI algebras. In this section we discuss the relationship between residuated pomonoids and pseudo-BCI algebras.
Ò Ø ÓÒ 3.1º ([6] ) A pseudo-BCI algebra is a structure (X; ≤, →, , 1), where "≤" is a binary relation on X, "→" and " " are binary operations on X and "1" is an element of X, verifying the axioms: for all x, y, z ∈ X,
If (X; ≤, →, , 1) is a pseudo-BCI algebra satisfying x ≤ 1 for all x ∈ X, then (X; ≤, →, , 1) is a pseudo-BCK algebra.
If (X; ≤, →, , 1) is a pseudo-BCI algebra satisfying x → y = x y for all x, y ∈ X, then (X; →, 1) is a BCI -algebra.
Ò Ø ÓÒ 3.2º ([15] ) A pseudo-BCK algebra with (pP) condition (i.e. with pseudo-product condition) or a pseudo-BCK (pP) algebra for short, is a pseudo-BCK algebra A = (A, ≤, →, , 1) satisfying (pP) condition:
Ì ÓÖ Ñ 3.1º ( [6, 21] ) Let (X; ≤, →, , 1) be a pseudo-BCI algebra. Then X satisfies the following properties (for all x, y, z ∈ X):
By Proposition 1.3(8), (9) and the law of residuation we have
The maximal element 1 is the multiplicative unit element 1, i.e.,
By Proposition 1. 
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On the other hand, by Proposition 1.3(4) we have 
And, x ≤ y → z ⇐⇒ y ≤ x z by Theorem 3.1 (5) . Thus, the law of residuation holds and (G, ⊗, →, , ≤, 1) is a weakly integral residuated pogroupoid. Now, we prove that the associative law holds in (G, ⊗). Indeed, for all x, y, z, w ∈ G, by (I) we have ( 
Construction method of weakly integral residuated pomonoids and pseudo-BCI algebras
In this section, we give a method to construct a weakly integral residuated pomonoid (pseudo-BCI algebra) by any bounded pseudo-BCK algebra with pseudo product and any group.
First, we give an example of weakly integral residuated pomonoid and pseudo-BCI algebra. 1 1 1 c d 1  a a 1 1 c d 1  b a a 1 c d 1  c d d d 1 c d  d c c c d 1 c  1 0 a b c d 1   0 a b c d 1  0 1 1 1 c d 1  a b 1 1 c d 1  b 0 a 1 c d 1  c d d d 1 c d  d c c c d 1 c  1 0 a b 
Then (G, ⊗, →, , ≤, 1) is a weakly integral residuated pomonoid and (G, ≤, →, , 1) is a pseudo-BCI algebra. In fact, we can verify the above results by MATHEMATICA program (see Figure 3) . For above example, denote S = {0, a, b, 1}, T = {1, c, d}. It is easy to verify that (S, ≤, →, , 0, 1) is a bounded pseudo-BCK algebra with pseudo product ⊗ and (T, •, 1) is a group with unit 1, where • is defined by following method:
Now, we discuss general construction method from any bounded pseudo-BCK algebra with pseudo product and any group.
It is easy to prove the following results 
Then (X, , , , 1) be a pseudo-BCI algebra and (X, ⊗, , , , 1) is a weakly integral residuated pomonoid.
(1) By the definition of order we know that 1 is maximal element, i.e., 1 ≤ x implies x = 1, for all x ∈ X.
(2) By the definition of operation ⊗ we know that
(3) By the definition of operation , and order relation we know that ∀x, y ∈ X x y ⇐⇒ x y = 1 ⇐⇒ x y = 1.
(4) Now, we prove (X, , , , 1) is a pseudo-BCI algebra. By (3) and the definition of order relation , Definition 3.1 (3), (4) and (5) hold for X.
For any x, y ∈ X, Case 1:
y for all x, y ∈ X. Similarly, we can prove that x (x y) y for all x, y ∈ X. This means that Definition 3.1(2) holds for X.
For any x, y, z ∈ X, Case 1: x, y, z ∈ A, since (A, ≤, →, , 1) is a pseudo-BCK algebra, so y z (z x) (y x); Case 2: x, y, z ∈ G, since (G, •, 1) is a group with unit 1, by Proposition 4.2 and Theorem 3.3, y z (z x) (y x); Case 3:
. That is, y z (z x) (y x) for all x, y, z ∈ X. Similarly, we can prove that y z (z x) (y x) for all x, y, z ∈ X. This means that Definition 3.1(1) holds for X.
Therefore, by Definition 3.1, (X, , , , 1) is a pseudo-BCI algebra. 
